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JESSE LIPTRAP 

Abstract. Fusion rules generalize groups by allowing multivalued multiplica- 
tion. Groups are fusion rules of simple current index 1. We classify nilpotent 
(in the sense of Gelaki and Nikshych) fusion rules of simple current index 2, 
and characterize the associated fusion categories. 



Introduction 

Fusion categories appear in conformal field theory, operator algebras, represen- 
tation theory, and quantum topology. They underly models of fractional quantum 
Hall quasiparticles, the proposed raw material for topological quantum computa- 
tion. Fusion rules can be viewed as nondeterministic groups. Every fusion category 
has a fusion rule up to isomorphism. Thus the problem of classifying fusion cat- 
egories splits into two difficult subproblems: understand fusion rules, and given a 
fusion rule, understand the associated fusion categories — of which there are only 
finitely many up to equivalence over an algebraically closed field of characteristic 
(Ocneanu rigidity (^). 

To each fusion rule we assign a simple current index so that groups are precisely 
fusion rules of simple current index 1 . Following Gelaki and Nikshych [7] we assume 
nilpotence. We classify — functorially — nilpotent fusion rules of simple current in- 
dex 2, e.g., the Tambara-Yamagami fusion rules [11) and the fermionic Moore-Read 
fusion rule [1], in terms of group homomorphisms (Corollarv 12. 7|) . Generalizing 
Tambara and Yamagamis' classification using nondegenerate symmetric bilinear 
forms on groups [11) . we give an elementary algebraic characterization of the re- 
sulting fusion categories, and of H^{G,F^ ) for G a group of even order and F a 
field (Corollaries SH |43]) . 

For other generalizations of Tambara-Yamagami fusion categories, see Siehler [10] 
and Etingof, Nikshych, and Ostrik [5j. 

1. Fusion rules 

Definition 1.1. A multiset over a set L is a function X € N^, assigning a multi- 
plicity {X, x) to each x € L. A multiset is finite if it has finite support. 

Definition 1.2. A multimagma is a set L equipped with an operation * : L x L ^ 
N^. liX,Y e are finite, define X * Y e as follows: for z e L, 

(Y*Y,z)= {X,x){Y,y){x*y,z). 
We say L is locally finite if a:: * y is finite for x,y € L. 
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Convention. We identify each subset of a set L with the multiset given by its 
indicator function, and each element x £ L with the singleton {x} given by the 
Kronecker delta y i— Sx,y The symbol * is often suppressed. 

Definition 1.3. A fusion rule is a locally finite multimagma satisfying 

yx,y,z: {xy)z = x{yz) 

31Va; : Ix = xl = x 
\/x3xyy: {xy, 1) {yx, 1) = Sy^s 

Lemma 1.4. Let L be a fusion rule. Then 

• 7^ for x,y €z L. 

• I (z L is unique. 

• If X Cz L, then x is uniquely determined by x, and x — x. 

Definition 1.5. Define the underlying set [XJ of a multiset X hy x € [XJ iff 
{X,x) > 0. Given a multimagma L, let \_L\ be the multimagma with the same 
elements with operation {x,y) i-> [xy\. We say L is multiplicity-free if L = [LJ. 

Remark. Structures similar to multiplicity-free fusion rules, called hypergroups or 
multigroups [3l|4l[2], have been studied since the 1930s, with various applications. 

Example 1.6. We will study three examples of multiplicity- free fusion rules: 

• Groups are precisely fusion rules with single- valued fusion. Note = 0"^ 
for any group element a. 

• Given a finite group A and m ^ A, the Tambara-Yamagami fusion rule has 
elements A U {m} fusing as follows: for a, 6 e A, 

a b — ab, a * m — m * a — m, m * m — A. 

• The fermionic Moore-Read fusion rule has six elements {±1, ±j, ±i'} fusing 
as follows: for a, 6 e {±1, ±i} and p, g G {±«}j 

a^b — ab, a * p' = p' * a ~ {a^p)' , p' * q' = {±y/pq}. 

Definition 1.7. Let L and L' be multiplicity-free multimagmas. A map /: L ^ L' 

is a homomorphism if f{xy) C f{x)f{y) for x,y Cz L. 

Definition 1.8. Let G be a group and L a fusion rule. A G-grading on L is a 
surjective homomorphism \_L\ — )■ G. 

Remark. Many authors do not require gradings to be surjective. 

Definition 1.9. Let L be a fusion rule and SQL. 

• 5 9 1 is a subrule li z £ S whenever z e S' or z g [xyj for some x,y £ S. 

• A left coset of 5 in L is a subset [xS\ for some x £ L. The set ^/s of all 
left cosets of S* in L is a multimagma with operation given by 

{X *s Y, Z) = max{(xy, z) | x G X, y e F, ze Z}. 

• The index of S is the cardinality of ^/s. 

Definition 1.10. The adjoint subrule iad of a fusion rule L is the smallest subrule 
containing \xx\ for all x £ L. We say L is nilpotent if L^"-' = {1} for some n G N, 
where L'-^'^ = i and = (i(™))ad. 
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Theorem 1 (Dresher and Ore p5|, Gelaki and Nikshych 7 ). Let L be a fusion 
rule. Then Lad is the intersection of all subrules A such that \_^/a\ is a group. The 
multimagma [V^adJ is a group, called the universal grading group, partitioning L. 
Every grading of L factors uniquely through the quotient projection [ij — [^/iadj , 
called the universal grading. 

Definition 1.11. A fusion rule element a is a simple current iiaa — 1. The simple 
current index of a fusion rule is the index of the set of simple currents. 

Lemma 1.12. Let L be a fusion rule with simple currents S. Then 

(i) a G S iff da = 1 iff az and za are singletons for all z £ L. 

(ii) If a & S, then {xy, a) < 1 for all x,y G L. 

(iii) S is the largest subrule of L which is a group. 

(iv) i/s partitions L. 

(v) L is a group iff its simple current index is 1 . 

2. Feudal fusion rules 
Convention. Z2 = {±1} is a group of order 2. 

Definition 2.1. A fusion rule is feudal if it is equipped with a Z2-grading 7 such 
that 7^^(1) is a group. We call elements of 7~^(1) serfs and elements of 7~^(— 1) 
lords. A fusion rule is properly feudal if it is nilpotent with simple current index 2. 

Example 2.2. 

• A Z2-graded group is improperly feudal. Its adjoint subrule is trivial; it is 
its own simple current group and universal grading group. 

• A Tambara-Yamagami fusion rule A U {m} is feudal with serfs A and lord 
m. It is properly feudal iff |v4| > 1 iff A is the simple current group. 
The adjoint subrule is A; the universal grading group is {A,m} = I2. A 
properly feudal fusion rule with a lone lord is Tambara-Yamagami. 

• The fermionic Moore-Read fusion rule is feudal with serfs {±l,±i} and 
lords {±«'}. It is properly feudal, with simple currents {±l,±i}, adjoint 
subrule {±1}, and universal grading group {{±l},i', {±i}, —i'} = Z4. 

Lemma 2.3. Let L be a feudal fusion rule with serfs S . Then 

(i) L is multiplicity-free. 

(ii) S acts on lords by fusion, transitively on the left and on the right. 

(iii) Lad ^ S is the left stabilizer and right stabilizer of any lord. 

(iv) Two lords m, / fuse to a coset of Lad S , namely 

(1) ml = {a G 5 I ffia = Z} = {a G 5 | m = aV\. 

Proof. Let M be the lords and m, / G M . By Lemma [1.121 S acts on M on the left 
and on the right by fusion, and ml is a subset of S, proving ([!]). For a G S, 

a G ml 1 G ami ffia — I 

1 G mid m — al, 

proving equation ([ij. Then ml ^ % implies (jnl. Since {mV \ V G M} and {m'l \ 
m' G M} each partition S, 



mb — m mbl — jnl 



bl = I 
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for b Cz S, i.e., the right stabihzer of m and the left stabihzer of I coincide for 
arbitrary m, / e M. Let A < S he this common stabihzer. Equation ([T]) imphes 
mm = A for aU m d M. Thus A = Lad, proving (pTiT) . The orbit-stabihzer theorem 
of elementary group theory then completes (pv| . □ 

Proposition 2.4. j4 properly feudal fusion rule is uniquely feudal. A feudal fusion 
rule is properly feudal or a I12- graded group. 

Proof. Let L be properly feudal with simple currents S. By Lemma I1.12| AI = 
L \ S and am, ma G M whenever a d S and m e M. Thus ^/s — {S, M} with 
5" *s S" = S" and S" *s M = M *s 5" = M. 

To show M *s M = S", we first need Lad C 5. Pick m e Af . Since Af = toS* and 
mama — mfh for a S, we see Lad is the smallest subrule of L containing [mmj . 
If m S Lad, then [mmj C (Lad)ad implies (Lad)ad = Lad, contradicting nilpotence. 
Therefore Lad Q S. Now pick any m, I € M . Then / = ma for some a e S*, whence 
lml\ = [mfh\a C S. Moreover ml = [mZJ by Lemma [rT2lfii| . Thus M *s M = S, 
and L — > ^/s = Z2 is a feudal grading. 

Suppose 7: L Z2 is a different feudal grading. Then S" = 7^^(1) C S. Picking 
a Cz S \ S' and m £ M , we have am e Af H S", a contradiction. Thus L is uniquely 
feudal. Finally, a non-group feudal fusion rule is properly feudal by Lemma l2.3l □ 

Definition 2.5. Let T-L be the following category. An object of 7^ is a homomor- 
phism S* G of arbitrary groups 5', G such that |cokeru| = 2 and kerw is finite, 
with the innocuous technical conditions 5 H (G \ imu) =0 and vaiu = S/ kerw. A 

morphism from S-AG to S-AG in -H is a pair of homomorphisms {Iiq, hi) making 
the square 

(2) S^^G 

ho hi 



commute, with ft,i(G \ imw) C G \ imu. 

Let C be the category of feudal fusion rules and graded homomorphisms. Let 
$: -H ^ £ be the following functor. For H = {S ^ G) £ ohjn, let be the 
feudal fusion rule with serfs S and lords M = G\imM fusing as follows: for a, 6 € S 
and m, I e M, 

a*b = ah, a* m — u{a)m, m* a — mu{a), m*l — u^^{ml). 

For H G obj'H and {ho, hi) E moi--u{H, H), let ^{ho,hi) agree with ho on S and 
with hi on M. 

Inversely, let F: £ — H be the following functor. Given L e obj£, let FL = 
{S A G) with S the serfs (or the simple currents unless L is a group), G the 
universal grading group, and u the restriction to S of the universal grading. For 
L G obj C and t € mor£(L, L), let Ft = (ho, hi) where t agrees with ho and induces 
hi. 

Example 2.6. 

(i) Let G be a Z2-graded group with serfs S. Then FG is inclusion 5 — > G. 
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(ii) Let L = A[j{m\ be Tambara-Yamagami. Then TL is isomorphic to the trivial 
honiomorphism yl — > Z2 . 

(iii) Let L be the fermionic Moore-Read fusion rule. Then TL is isomorphic to the 
nontrivial nonidentity homomorphism Z4 — > Z4. 

Theorem 2. The category of feudal fusion rules and graded homomorphisms is 
isomorphic to the category H of Definition \2. 5l via the functors therein. 

Corollary 2.7. Up to isomorphism, properly feudal fusion rules are in 1-1 cor- 
respondence with group homomorphisms whose cokernels have order 2 and whose 
kernels are nontrivial and finite. 

Proof of Theorem [H First we check $ : H — > £ is a functor. Let H ^ [S ^ G) £ 
obj T-L. We check e obj C. Let A — ker u and M = G \ im u. For a, 6, c G S and 
m,l,r G M, 

(a * 6) * c = abc = a * (6 * c) , 
(a * m) b = u{a)mu{b) = a * (to * 6), 
(a * 6) * m = u{ab)m = a* {b * to), 
(m * a) * & = TO * (a * &), 
(to * a) * / = u~^{mu{a)l) = m* {a * I), 
(a * to) * Z = u^^{u{a)ml) = au^^{ml) = a* {ni * Z), 

(to * /) * a = m * (Z * a), 
(to * Z) * r (.g |^|(5g, mir) = m * (Z * r). 

Thus * is associative. Therefore $iJ € obj£. Now let H = {S ^ G) <G objH and 
/i = {ho, hi) e mor^(iJ, H). For a,b e S and m,l e M, 

^h{a * 6) = /io(a&) = $/i(a) * ^h{b), 
^h{a * to) = hi{u{a)m) ~ u{ho{a))hi{m) = ^h{a) * ^h{m), 

<^h{m * a) = ^h{m) * $/i(a). 

Since |cokeru| = 2, there exists b € M~^(mZ). Let A = keru. Since square ^ 
commutes, hQ{A) C A. Then 

$/i(to * = /io(&-4) C ho{b)A = w-i(u(/io(&))) = u~Hhiiml)) = $/i(m) * $/i(0 

Thus is a homomorphism. Therefore $ : "H — > £ is a functor. 

Now we check F : £ ^ "H is a functor. Suppose L, Z e obj £, with serfs S, S, lords 
M, M, adjoint subrules A, A, and restrictions u, u to serfs of the universal gradings, 
respectively. Then TL ~ (5 A G) and TL — (5 A G) are in objH. Suppose 
t e mor£(L, L). Since t is graded, it restricts to a homomorphism ho: S* — > 5. By 
Lemma [2.3l|iiip . ho{A) C A. Let /10.5 be the induced homomorphism ^'/a — > s/a. 
Recalling G = (S/a) UM and G = (•S/i) UM, let /ii : G ^- G agree with /10.5 on s/a 
and with t on M. Then Tt — (/lo, /ii) is defined and square ([2]) commutes. To check 
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hi is a homomorphism, let a, 6 G 5 and m,l G M and c G m * I. By Lemma l2.3[ 
/ii((aA)(6A)) = /io.5(M)(6A)) = hi{aA)hi{bA), 
hi{{aA)m) ~ t{a * m) = <(a) * t(m) = ft,i(aA)/ii(rn), 
/ii(m(aA)) = hi{m)hi{aA)^ 
hi{ml) = ho.5{cA) = t{c)A = ^(to) * = hi{m)hi{l). 
Therefore F is a functor. It is easy to see $ and T are mutually inverse. □ 

3. Fusion systems 

Convention. F is a field. 

Definition 3.1. A fusion category is a rigid semisimple F-linear monoidal category 
with simple monoidal unit and one-dimensional endomorphism spaces of simple 
objects. Equivalence of fusion categories is F-linear monoidal equivalence. 

Remark. Fusion categories are normally taken finite, i.e., having finitely many iso- 
morphism classes of simple objects. Ocneanu rigidity assumes flniteness [5]. In this 
paper finiteness is not required. 

Definition 3.2. Let L be a complete set of representatives of isomorphism classes 
of simple objects of a fusion category C. For x,y & L define xy G by {xy, z) = 
dimp morc(z, X ® y) where ® is the monoidal product on C. Then L is a fusion 
rule, unique up to isomorphism. We call C a fusion category on L. 

Remark. Although fusion categories are the main topic of interest, we circumvent 
them via a technical device of Yamagami. For notational simplicity we only treat 
the multiplicity-free case, since feudal fusion rules are multiplicity-free. 

Definition 3.3. Let L be a multiplicity-free fusion rule. A fusion system on 
L is map f : -> F, assigning a recoupling coefficient f^f!^ to each sextuple 
{x, y, z, u, r, w), such that for w, x, y, z,p, u, r,v,q G L, 

Admissibility: /^^^ = unless {x,y, z,u,r,v) is admissible, i.e., u G xy and 

V Cz yz and r G uz H xv. 
Invertibility: Each recoupling matrix F^^^ = {furv)v,u is invertible, where 

V, u range over all elements making (x, y, z, u, r, v) admissible. 
Pentae-on axiom- P^^v^ ■ fwxqfpyz_y^ fxyz fwsz fwxy 

±. c±±ijc».^v.f±± ciAi*_»xi±. J' py^j-yq • Jpvv JuTQ s G L J svq J urv J pus 

Triangle axiom: F^^^ is the identity matrix, 1 x 1 or x 0. 
Rigidity: /[;[ = ^ 0. 

Definition 3.4. Let / and / be fusion systems on a multiplicity-free fusion rule 
L. A gauge transformation from / to /, rendering them gauge equivalent, is a map 
^ : — > F, written {x, y, r) i— >■ such that for x, y, z, u,r,v £ L, 

Invertibility: ^fi^ 7^ iff r G xy. 

Rectangle axiom: G^^ : = ^u^irk^v 

Normalization: £,1"^ = = 1. 

We say / and / are equivalent if they are gauge equivalent up to relabeling by an 
automorphism of L. 

Remark. Yamagami's polygonal notation [\2\ is a good way to visualize the penta- 
gon and rectangle axioms. 
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Theorem 3 (Yamagami |12j). Modulo equivalence, fusion categories on a multi- 
plicity-free fusion rule L are in 1-1 correspondence with fusion systems on L. 

Proof. This is Proposition 1.1 and Lemma 2.2 of [12 written out in coordinates 
with the added assumption that L is muhiphcity-free. □ 

Lemma 3.5. F^'^v = F^y^ = Id for F as in Definition \3.S\ and x,y,r e L. 
Proof. Pf'^'i'rr ^^'^ Pr 'r isf ^'^'^ ^hc triangle axiom. □ 

Definition 3.6. Let 5 be a group, U an S'-bimodule, and n € {1,2,3}. The left 
and right coboundary operators 6,S: — >■ are defined as follows; for an 

n-cochain /i„ : 5" — >■ U, define 6hn, 6hn ■ 5"+^ — >• [/ by 

dhi{a, b) = — r— -7 — 5hi{a, b) = 

hi[ab) hi[ab) 

^ h2{a,bcYh2{b,c) xu f u \ h2{a,bc)h2{b,c) 

6h2{a, b, c) = u\h { h \ °"2(a, b, c) = / , ^ 

ri2[a,b)n2[ab,c) ri2(a,b)n2[ab,cj 

( h .i\ h3{a,b,c)h3{a,bc,d)''h3{b,c,d) , , 

dh3{a,b,c,d} ^ — — / , dh3{a,b,c,d} ^ ■ ■ ■ 

n,3(a, 0, ca)ri3(ab, c, a) 

Here U is written multiplicatively; left and right exponentiation of cochains denotes 
the ^-actions on U. If it is known that Shn = Shn, we write Shn = Shn. 

H''{S, U) is the abelian group ker(,5")/im((5"-i). 

A normalized cochain is 1 whenever any argument is 1. 

Example 3.7 (well-known) . View as a trivial module over a group G. Then fusion 
systems on G up to gauge equivalence are in 1-1 correspondence with H^{G,¥^), 
and fusion categories (or systems) on G up to equivalence are in 1-1 correspondence 
with i73(G,F^)/autG. 

Proof. Recall an n-cochain h is an n-cocycle if Sh = I and an n-coboundary if 
h = Sk for some fc, and cocycles h, h are cohomologous if f^/h is a coboundary. 
Identify maps / : G^ — t- F^ satisfying the admissibility axiom of Definition 13 .31 with 
3-cochains, and maps £ : G'' F^ satisfying the invertibility axiom of Definition l3.4l 
with 2-cochains, via 

fu,r]v — Su,abSr,abcSv,bcfia, b, c) , ~ Sr,ab^{a, b) . 

If / is a normalized 3-cocycle, Sf{r,f,r,f) — 1 implies f{r,f,r)f{f,r,f) — 1, i.e., 
/ is rigid. Therefore every normalized 3-cocycle is a fusion system on G, and 
conversely by Lemma 13.51 Moreover £ is a gauge transformation from / to / iff £ 
is normalized and / = /(5£. By Lemma 15.7.1 of 0, every cocycle is cohomologous 
to a normalized cocycle; by Lemma 15.7.2 of [5], every normalized coboundary is 
the coboundary of a normalized cochain. Our identification of fusion systems on G 
with normalized 3-cocycles thus descends to a 1-1 correspondence between fusion 
systems on G up to gauge equivalence and H^{G, F^ ), which descends to the second 
claimed correspondence via Theorem [3l □ 

Lemma 3.8. // / is a fusion system and £ satisfies the invertibility and normal- 
ization axioms of a gauge transformation, then f defined by the rectangle axiom is 
a fusion system, and is a gauge transformation from f to f . 

Proof. Routine. □ 
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4. Feudal fusion systems 

Definition 4.1. A symmetric bicharacter on a finite group A over a ring B is a 
map x: ^ X A — )• such that 

X{b, a) = x{a,b), x(a6, c) = x(a, c)x(6, c) . 

Wc say X is nondegenerate if x(ai &) = for a 7^ 1. 

Definition 4.2. An involutory ambidextrous algebra over a group 5 is a ring B 
with two operations 

S X B X S ^ B: (a,Ai,?))H^ V 

such that /X is an involution (ring antiautomorphism of order two), fj, "'/J' 
is a ring endomorphism for a, 6 G 5, and 

for a,b,c,d £ S and n G B. 

Convention. Let -B be an involutory ambidextrous algebra over a group S, and let 
X be a set. Then B^ inherits the involutory ambidextrous S'-algebra structure of 

B: for e € B^ and a,b G S, define °e^ e € by ''e''(a;) = «e(a;)'' and e{x) = e{x) 
for X G X. For ji^v G B and a G 5, we write for ^{"'v), not {iJ°')v. 

Definition 4.3. Let i? be an involutory ambidextrous algebra over a group S. Let 
X,v: SxS^B"" andreS^. 

• X is a T-quasisymmetric v-biderivation if v is normalized and for a,b,cG S, 

X{b, a) = «x'(a, bf-^ ^{a, b)x{ab, c) - x(a, c)"x(&, c). 

• Suppose the set A of elements of S acting trivially on B is finite. The triple 

(XjfjT) is an iiberderivation on S over _B if x is a T-quasisymmetric f- 
biderivation such that the symmetric bicharacter xUxA is nondegenerate, 
and \ A\Tf = 1b- 

• Let fix(5') be the elements of B fixed under the 5-actions. A gauge trans- 
formation from (x, V, t) to another iiberderivation (x, t), rendering them 
gauge equivalent, is a triple {e,<i3,<;) G fix (5)'^''''^' x {B"Y x {B"-), with 
normalized, such that for a,b G S, 

Xia,b) _ 0{ay'$^'(h)'\^ ■<; v _ t_£ 

X{a,b) ^ (f)'' (a) (t}^{b)<^ <;<;'' v~ 9 r ~ <r 

Definition 4.4. Let L be a feudal fusion rule with serfs S and lords M. Let B = 
F^, with ring structure inherited from F. Then B is an involutory ambidextrous 

S'-algebra: for /x G -B and a,b E S, define "/i*",/! G -B by "■{^'{m) = ii{amh) and 
jl{m) = iJi{fh) for m G M. For a fusion system / on L or a gauge transformation ^ 
of fusion systems on L, let ^/ = (x, t^, t) or = {6, (j), c), where for a,b G S and 
mG M, 

x{a,b){m) = aZ'L ^i^'Mm) 
v{a,b){m) = rd'^Z -AWM 



ea,b 
ah 

ea,am 
m 

^m^fh 

— SI 
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Theorem 4. Let y be the category of fusion systems on a feudal fusion rule with 
lords M , and X the category of iiher derivations on serfs over F*^; in each category 
morphisms are gauge transformations, composed via multiplication in F. Then 
: y ^ X is an equivalence, surjective on the nose. 

Corollary 4.5. Let L be a properly feudal fusion rule, or a 'L2-g™ded group all 
of whose automorphisms are graded, with serfs S and lords M. Then fusion cate- 
gories [or fusion systems) on L up to equivalence are in 1-1 correspondence with 
ilberderivations on S over up to gauge equivalence and up to simultaneously 
permuting S and M by an automorphism of L. 

Proof. Theorems H and O □ 

Example 4.6 (Tambara-Yamagami Let L — A\j{m} be a Tambara-Yamagami 

fusion rule. Then fusion categories on L up to equivalence are in 1-1 correspondence 
with pairs (x, r) up to relabeling x by an automorphism of A, where x'- ^ x ^ — > F^ 
is a nondegenerate symmetric bicharacter and r = ±|^|~-'^/^ G F. 

Proof. This is a special case of Corollary 14.51 □ 

Example 4.7 (Bonderson IJ). If F has square roots, fermionic Moore-Read fusion 
categories up to equivalence are in 1-1 correspondence with 4th roots of —1 in F. 

Corollary 4.8. Let G he a group and S an index 2 subgroup. Then H'^{G,¥^) is 
in 1-1 correspondence with ilberderivations on S overF'^'^^ up to gauge equivalence. 

Proof. Theorem [4] and Example 13.71 □ 

Example 4.9 (well-known). If F has square roots, H^{'E4,¥^) is in 1-1 correspon- 
dence with 4th roots of unity in F. 

Corollary 4.10. If there is a fusion category on a feudal fusion rule with adjoint 
subrule A and lords M , then 

• A is abelian. 

• The characteristic o/F does not divide \A\. 

• If \M\ is odd or m = in for some m e ill, then y^\A\ G F. 

Proof. Let {x,v,t) be an iiberderivation on serfs over B = . The two desired 
conditions on \ A\ follow from |yl|Tf = Ib- Since xUxA is a bicharacter, 

X{abab,c) = \ A\1b 

for a,b ^ A. Since \ A\ 7^ in F and xUxA is nondegenerate, abab = 1. □ 

Remark. The results of this section would still hold if we did not require fusion 
categories and fusion systems to be rigid. 

Lemma 4.11. Consider a feudal fusion rule with two lords M = {mi, 7712}- Sup- 
pose F has square roots, and let To(mi) = To(r7i2) = ±|A|~"'^/^ € F^ . Then any 
iiberderivation on serfs over F*^ is gauge equivalent to one of the form (x,w, tq). 
// two such ilberderivations are gauge equivalent, they are related by a gauge trans- 
formation of the form {9, (p, 1). 
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Proof. Let {x,v,t) E objA", where X is as in Theorem El Choose <^ G F*^ such 
that ?("ii)/<;(m2) = ±^^('»i)/T(m2). Let f(m) = ';(™)T(m)/<,-(m) for TO e M. Then f 
is constant on M. By Lemma and Theorem 2] there exist 9,(p,<;,x,v such that 
(X,u,f) e objA' and (6*, 0, <;) G mor;f ((x, 'r), (x, t^))- Since = y\A\ and 
has sign freedom, w.Lo.g. t = tq. 

Now let Xj Xj ^ be arbitrary such that (x, tq), (x, "C, tq) € obj are related 
by some gauge equivalence {0, <;). Then ^ = implying 

X{a,b) _ <i>{aT^\h) 
X{a,b) cf>\a)^b{h) 

Thus (6*, 0, 1) e mor;f ((x, ^, t), (x, t)). □ 
Convention. When |M| = 2, identify F*^ with F^ naturally, and F with the diagonal. 

Proof of Example \4.7\ Let S = {1,-1, and M = {±i'}. Suppose {x,v,t) is 

an liberderivation on S over B = F^^. By Lemma we may take r constant. 
Writing x and "^/o as matrices over B indexed by S, we find 





1 


1 


1\ 


1 


-1 


p 


-p 


1 


p 


X 


r 


Vi 


-p 


f 


xj 



■"/v 



(I 


1 


1 


1 


p' 




1 




X Ip 


V 




xr 



1 \ 

xr 



for some a; G F^ and p, r e i?^; the only requirements are x"^ — pp — —1 and 
rf — —x^. By Lemma 13.81 and Theorem |4] the gauge equivalence class of / is 
uniquely determined by x, which is invariant under fusion rule automorphisms. 
Then invoke Corollarv 14.51 □ 

Proof of Example \4.9\ Regard Z4 = {±1, ±i} as feudal with lords M — {±i}. Then 
an iiberderivation (x, v, r) on {±1} over F^^ is uniquely determined by p, q,T E F*^, 
where p = x(~l7 ~1) and q = w(— 1, —1). By Lemma 14.111 we may take t constant. 
Then the only requirements on p,q are p E ¥^ and p^ = i/q, i.e., p"^ = 1 and 
qi = p^q2 where (91,(72) ~ q- The gauge equivalence class of {x,v,t) is uniquely 
determined by p. Then invoke Corollary 14.81 □ 



5. Proof of Theorem [4] 
We generalize Tambara and Yamagamis' proof [11 of Example 

Convention. We identify with the set of constant functions M — >■ F^ . Lemma [273l 
is used throughout. 

Let L be a feudal fusion rule with serfs S, lords M, and adjoint subrule A, 
and let B = F*^ . We write /, / for arbitrary fusion systems on L with recoupling 
matrices F, F] a, h, c, d, e for arbitrary serfs; and m, / for arbitrary lords. We identify 
/ (likewise /) with the collection of eight functions 



a: S* X 5 X S'- 
al,a2,a3,/3l,^2,/33: S X S ^ B^ 
S xS ^ B 
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defined according to the following convention: 



a(a, b, c) = F^^''/ 



a,{a,b) (m) = F™" «2 (a, b) (m) = F^^^"^''" a, (a, b) (m) = F„",^^-''^'" 
/3i (a, 6) (m) = F"'"'™'' /32 (a, 6) (m) = F™'"'""'' (a, (m) = 

By Lemma lXSl a, ai, 02, 03 are normalized and /3i (1, — ) = /32(1, ^ ) = —) = 1- 

Lemma 5.1. Every nonempty recoupling matrix is 1 x 1 or {'j{a,b))aeA' ,beA" for 
some cosets A', A" of A in S. 

We write ^ for an arbitrary gauge transformation from / to /, identified with 
the collection of four functions 



0: SkS^W", 
defined according to the following convention: 



0{a,b){m) = ej 

0(«)M = C' 



By Definition l3.4[ 9, 0, -0 are normalized. It is routine to gather the rectangle axiom 
for ^ and the pentagon axiom for / into 



qOOO 
qIOQ 
qOIO 
^001 
gOll 



= G 



110 



G 

pOOOO 
pOOOl 
plOOO 
pOOlO 



ab^abc^bc 
■mbd^a^b 



mb.m,ab 

^a,dmb,b 
mb,m,dm 

^a.b^bdin 
ab,m.dm 

^a^m,mdb 
am,b,db 



g: 



'm,a,a7nb 
ma.b.fhb 



bam^m,a 
bd^b^ma 

'md.afhb.bm 



pa,b,c,d 
ab,abc, abed, bed, cd 

pa,b,c,cbd'm 
ab,abc,m,d7n^bd7n 

pmcbd^a^b,c 
mcb,mc,m^abc,bc 

pa,b,bdmc,c 
ab,'mc,'m,dm,bdm 



pUiUU ^ p< 



,a,amcb,b,c 



mcb,mc,m,am,bc 



a — adu 
diSip — 9ai 
a2ia,b)(j)\a)^{b) = (/.(a)X6)a2(a, 6) 

Q;30 = Q;3(50 

/3i(a, bf<j>{afuj{b) = oj{ab)0{a, a6)/3i(a, b) 
/32(a, 6)V;''(aK(6) = '4>{a)uj{b)/32{a, b) 
Psia, b)0(ba, a)a;''°(6a) = (:s'"'(6)V'°(a)/33(a, b) 
7(a, 6K W^Z-W - 'oj''(a)tl;{aMa, b) 
1 = Sa 
1 = aSa^ 
6ai — a 

asia, b)a2{ab, c) = °'a2{b, 0)012(0, 0)03(0, b) 
ai(b, 0)02(0, 5c) = 02(0, 6)02(0, c)°ai(5, c) 
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P 



3j0011 pa,b,7n,mbac 

ab^abm^c,ac,bac 

1100 pcbafh ,171 , a ,b 

cba.cb.c.mab.ab 



73)0101 pa,m,b,bmac 

am,amb,c,dc,fhac ' 

^1010 pcbfha,a,m,b 

cb7fi,cb,c,amb,mb 

^0110 pa^m,rhacb^b 

am,cb,c,ac,rriac 

1001 jjm, a, b ^baffle 

ma.mab.c.fhc.afhc 



a{a, 6, bac)/3i {ab, c) = ""^a^ (a, 6)^/3i (a, c)/3i (6, ac) 
a(c6a, a, h)P^{ab, c) = /3^{a, cb)l3^{b, c)aj^(a, b) 



bclQa 



/?f (a, c)/33(6, c) = '^a^(a, 6)'^/33(6, c)^2/3f (a, c6) 



piUUi _ p 



pU 



pa,amc,cmb,bm, 
mc.b.m.am.c 



^1110 pmc,cmb,bma,a 

b,ma,m,c,bm 



plUli _ 



Tjmca,a,cmb,bm 
mc.b.m.ac.c 



p' 



1101 pmc^cmb,a,ah'm 



b.ba.m.c.bm 



pllll jjam,m,me,emab 

a,afhe,b,'mab,d 



/3i(a, c)/3f '^(5, c) = /3|2°(6, ac)a(a, ac5, 6)/3i(a, c6) 
/32 (a, c)/3f (5, c) = (a, 6)/32 (a6, c)af{a, b) 
02(0, c)7(c, 6) = "^7(0, a6)Q!3(a, ab)'^l3^{a, b) 
02(6, a)7(c, 6) = ''/^s (a, c)ai{ca, a)j"'{ca, b) 
ai{a,c)-f{c,b) = (32''{a,b)'^{ac,b)''(3i''{a,ac) 
7(c, 6)a3(6, a) = 'k'ia, 0)7(0, 6a)^^3=(a, H 
5f,,a/^i(a,&)/33K&)= 'r{c,a)^Uc,b)Y{d,c) 

ceeA 



where assumes bad S A. 

Definition 5.2. / is normal if , 1) = /32(— , 1) = 1- 

Lemma 5.3. Every fusion system on L is gauge equivalent to a normal one. 
Proof. Given arbitrary /, we construct ^ making / normal. By G'^^^, 

3 / IN ujia)e{a,d)l3i{a,l) 

so we can choose lu making $i{a, 1) = 1. By G^"^, 

~ ^(a)^(l)/32(a,l) 
^'^(a)c.'^(l) 

so we can choose ip making /32 = 1- Then any choice of normahzed (j), 9 makes / a 
fusion system on L by Lemma [3.81 □ 



Lemma 5.4. ^1/ restricts to an isomorphism on the category of normal fusion sys- 
tems on L. 

Proof. It is routine to check y and X are categories. Let Z be the category of 
normal fusion systems, a full subcategory of 3^, and let S = 'i'\z- Let / € obj Z, 
and (x, V, t) ^ Ef ^ {02,03, 7(1, 1)). Then 



Sv 



Pi{h,a) 
Ii2{h,a) 



a{a, b, ba) 
^'^v{d,b) 

xHa,b) 



v(a,a, 



ai{b,c) 



v^{a, a) 
1 



f;'"=(6,c) 
X is an w-biderivation 



j-pOOOl-j 

(^pOOll-j 

^pOlOl-j 

^plOOl pOlOO^ 
j-pOOlO pOlOO-j 
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^{a,l)=Tv{a,a) {P'^>'') 

\v''{a,a)J x(a,c) 

T e (invertibility) 

Q;(a, c, cja(ac, ca, ajr 

X is r-quasisymmetric ^pioio-j 

xUxA is nondegenerate (P^^^^) 



Thus S is well-defined and injective on the level of objects. 

To check S is surjective on the level of objects, suppose {x,v,t) e X. We 
must show / defined via the above equations, with a2 — X ^'^d = v, is in 
objZ. It suffices to show / is a fusion system on L. By construction / satisfies 
admissibility. To check invertibility, let p,q € S. Since rf = Yl-^l and xUxA 
is a nondegenerate symmetric bicharacter, the matrix {'''^/xiy,x))x,yeA has inverse 
{'^Tx{y,x))x,y(EA- Since 



xiQ,Px) xiy,x) xiy,P)'>jP{y,q)'^vP{qy,yq) 

for x,y E A, the matrix {j{px,yq))x,yeA is invertible over B. Equivalently, for all 
m e M the recoupling matrix fJI^p^p'^'^^'^"^ = {'j{u,v){m)) u£pA,v£qA is invertible 
over F. Therefore / satisfies the invertibility axiom by Lemma [5Tl It is routine to 
verify the pentagon axiom, and trivial to verify the triangle axiom. Rigidity means 
a{a, a, a)a(a, a, a) = 1 and T{m) = ((P^'™'™)~"'^)i,i for all a G 5 and m G M. The 
first condition follows from 6a{a, a, a, a) = 1. The second follows from 



P" 



m.m.m 



v{x,x)t 
X{y,x)v{y,y) ^ J ^ y^j^ 



K^rn ) 



v{x,x)Tx{y,x) 
v{y,y) 



(m) 



x,y^A 



as X is normalized and T(m) = f(m). Thus / is a fusion system on L, showing 
is surjective on the level of objects. 

Suppose ^ e moTzif, f)- Letting {x,v,f) — 'E.f, we have 

t){a, a) 
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V 54> 

X(a,6) ~ (/'^(a)V'(&) ~ (j)\a)4>\bYqc,f> 

T _ ^ 
T ^ 

Since 9: M — ^ F^, we see S is well-defined and injective on each inorphisin space. 
It is routine to check S is surjective on each morphism space. Therefore S is an 
isomorphism. □ 

Proof of Theorem [^j The two preceding lemmas suffice. □ 
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